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0 Vers des intégrateurs variationnels pour la thermodynamique

e Cas des intéegrateurs variationnels hétérogenes asynchrones



Mécanique théorique, Quiberon, Septembre, 8-13, 202

Introduction

@ Accurate numerical simulations of dynamical systems are essential in virtually all areas of physics and
mechanics.

@ However, most traditional numerical methods do not take into account the underlying geometric
structure of the physical system, leading to simulation results that may suggest non-physical
behaviors.

@ The field of geometric numerical integration (GNI) concerns numerical methods that respect the
fundamental physics of a problem by preserving the geometric properties of the associated differential

equations.
V / /

, \
u :

Prediction is difficult, especially of the future. — Mark Twain
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Introduction

@ Since the emergence of computational methods, fundamental properties such as accuracy,
stability, convergence, and computational efficiency are considered crucial in deciding the
usefulness of a numerical algorithm.

Today, aspects related to the preservation of the underlying structure are considered essential, in
addition to these fundamental properties.

One of the key ideas of approximate structure preservation is to treat the numerical method as a
discrete dynamical system that approximates the flow of the continuous differential equation
instead of focusing on the numerical approximation of a single trajectory .

Such an approach allows a better understanding of the invariants and the qualitative properties
of the numerical method.

MAIN GOAL: develop an explicit variational integrator for non-smooth elastodynamics
satisfying exactly ALL conservation equations in the discrete sense.
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Variational formalism for elastodynamics

Ow? owy
@ Deformed
configuration defined X = p(t,X)  V(¢,X) € wr X wx u” T
by the position vector:
b
@ State vector: m = (t, X, ‘70) we = [to, tf]

\ 4

@ Action of the field theory of elastodynamics (non-deformed configuration):

d .
A (t, X, p) :/ dip = F =V velocity

Wt

| L%, 0, dip, dp) dXadt

d :
dxp = 7% = F  Transformation
gradient tensor

@ Corresponding Lagrangian:

L=T(dp) = V(p,dxp)
T(dip) = %PdtSO-dtSO and  V (¢, dxp) = Vipt(dxp) — Veur (@)
Vine = ¥(dxp) and Ve (p) = b.p
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Variational formalism for elastodynamics

@ Hamilton's principle:

A+ / T.6pdSdt = 0
Wi ng

Vom € Mo(dm € H'(w; X wx); 0t]ow, = 0;0X gy = 0; ...

| 00law, = 0;0¢]p.p = 0)

Ow Ol
Owx = OwR Udw¥ and OwR Nowl =@ = *
uD T
_ D
(pl&u)D( =u
b
We = [to’tf]
@ Corresponding generators: + >

0A =92 5m = §; A + 0x A+ 6,A = Dy At + Dx A.0X + D, A0
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Variational formalism for elastodynamics

x = o(t, X)

X W X Wx
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Variational formalism for elastodynamics

@ \Vertical variation: om = (0t =0,0X =0, dp)

@ Determination of the vertical generator D,A :

= Lo S (2209 + 25 0dyp + 125+ Gilp) dXdt
= fwt S (2.600) dXdt
S S e (FE000) dXt — [, [, di (5 ) S dXdt
oo S e (7 00) AXdt — [, [ . ( ) dp dXdt
S - (3—5.&0) dXdt
+ o (550 )dX] — foy o e () Gp dXalt
- Joy Joue (L N) 80 dSAt — [, Loy d (525 0 dXdt
= D, A.dp



Mécanique théorique, Quiberon, Septembre, 8-13, 2025

Variational formalism for elastodynamics

@ Vertical variation: om = (6t =0,0X =0, dp)

@ Associated generator: 590 A=D o A.0p

oo (22— () — e (5)) A X
+ Jo Jooy (555 N) 0p dSt

@ Hamilton's principle: D,A.0p + / T.0pdSdt =0 Viop € My

wa

@ CEuler-Lagrange equations for elastodynamics:

% —di (5) —dw (5) =0 inwx
N+T=0 onduw¥

5dx<p
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Variational formalism for elastodynamics

@ Expressions of the first derivatives of the Lagrangian:

9L _ 1

dp

oL .

odio pdyp = pp =p Momentum

az,ﬁp = _azip = —1II Non-symmetric stress tensor of

Piola—Kirchhoff 1

@ Field equations of elastodynamics:

b—dip+dieII=0 inw Xwx
—JIN+T =0 inw X 0wy

10
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@ Horizontal variation: om = (0t,0X,dp = 0)

Variational formalism for elastodynamics

@ Determination of horizontal generators D, A and Dx A :

with:

11

0 A + 0x A =

S e (26t + 22 .dypbt + £ duipbt + £ dtxcpét) dXdt

+ Jor Jox (%-53{ + 52 dx 00X + 5 dyp. 0X + 57 dxch.(SX) dXdt
F Sooy Sy £6(dXdt) = A + 04 + 5A3

A" = Lo S (55 + e (75-dep) + . (555-dep) ) ot
+( — d(2£) — du.(2E)) dipt Xt

= Jo S (2 + dy (5 dp) + di(2E dyp) ) OX
+( — di(2E) — du-(525)) dup.6X dXdt

LN

0% = — [ [ ((dx£).0X + (di£)5t)dXdt
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Variational formalism for elastodynamics

@ Note on the third term:
SA® = [, [, L6 (d=Xd, t)d=Edr
V(ot(1),0X(Z)) € Oy
Oy = ((0t(7),0X(Z)) € H'(wr X w=); 0(T)|ow, = 0;0X(E)]ows = 0)

@ Parametric configuration: w; = [0,1] and wg = [0, 1]’

A% = [, [._ L(6(d=X)d,t + d=X5(dt))dAZdr

— [, [ L(d=6X)d tdZdr + [, [, L(d-6t)d=XdEdT
— [, [ d=(LOX)dtdEdT — [, [,_(d=L).6Xd tdEdT
+ [ [ d-(L£6t)d=XdTdE — [,_ [, (d,L)5td=XdrdE

[1]

| { x = ¢(t,X) = ¢(t(1), X(&))
with:

dXdt = (d=Xd,t)dEdr

SAP = — [ [ ((dx£).6X + (d,£)5t)dXdt

12

(1]



Mécanique théorique, Quiberon, Septembre, 8-13, 2025

Variational formalism for elastodynamics

@ Hamilton's principle:
Op A + 0 A =
Jor S (%5 + dy (25 dip) + dye. (s -dip) — diL) StdXdt
oy S (2% + doe- (595 d5p) + di( 2 dp) — dx L) .0XdXdt
= DAt + Dx A.0X =0

@ Conservation of mechanical energy (horizontal time generator):

% +dy (L dup — L) + dy. (505 dup) = 0

@ Conservation of configurational forces (horizontal space generator):

% + O (3055 -0xtp — L) + di(55-dxp) = 0

13
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Variational formalism for elastodynamics

@ Space-time matrix formulation:

oL oL
(32, 58) + (o). |2 0075 dae

ot ’ 0X
oL oL
adx(p.dt(p adxso-dx(.lp - EI

- (07 O)

@ Energy momentum tensor (space-time Eshelby tensor) for elastodynamics:
(%%, 92) + (dt, dx).Cix = (0,0)

@ Cases where the Lagrangian does not explicitly depend on time and space: L (¢, dp, dxp)

Vs

(T + V) = dy.(IL.V) | (mechanical energy)
dx.(C) —FL.b + d(FI.p) =0| (configurational forces)

C = (=T +)I-II1.F | (Eshelby dynamic tensor)

@ Integral form of mechanical energy conservation:

t
[ / (T +V) dX] g / TI.N.V dSdt + / T.V dSdt
wx Wt aw)D(

N
to wt J Owy
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Variational formalism for elastodynamics

@ Vertical generator for any subdomain: ~ wyx C wx
5, A = DA Sp = ([, (L) (5g0dX] + Lo o, (FEN) S dSdt
— Joow L 52 0pdXdt

@ Noether's theorem:

€

id‘% =0 =0 Vop*e M= (0p°€ H (w; X w))

djev (©°)|e=0 = D, A'.

@ Forany vector vof R3: Y- =@ +ev

()0 = DA v

=1y (Z£) vdX] + Loy Sy, (595 N) vdSdt — [, [, 95 vdXdt
= Lo L (de(FE ) + dy (595 v) — 9 v) dXdt
= Juy Jur (de(505) + du-(5055) — 52)-vdXdt =0 Vv e R®

nmmmmpp- \\/e again obtain the conservation of the linear momentum

15
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Variational formalism for elastodynamics

@ Forany antisymmetric tensor §2: | ¢ = exp(Qe)p

2 (0)|emo = D A' Qp
= Juoy Jur (A5 -20) + - (5355 Qp) — 52-Qp) dXdt
= Jur S (d (ad¢)+d e — %)-deth

S o 2 (Qdp) dX

=0 VQ

It comes:

S (i) = 0VQ = (TLFT): Q=0 VQ
— ILF' = (ILF")"

{ J = det(F)
= J 'IL.F?

oO=0 conservation of angular momentum

wmmmmgp- \oether's theorem can also be applied to horizontal generators (e.q. rotational
invariance causes Eshelby's dynamic tensor symmetry)

C=(-T+¢)I-TI"F

16
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Multi-symplectic formalism for elastodynamics

@ Partial Legendre—Fenchel transforms (see Eshelby space-time tensor):

T (5itz) = suplsgiz-dip = T(di0)) | T"(p) = sup(p.dip — T(dr))
V*(50) = sup(ad Hxp = U(dxp)) | Y (TT) = sup(IT: dyp — $(dxy))

@ Action with two partial dualizations on momentum and stress fields:

(A1, X, . p, TT) =
fwt fwx (pdtQO —1II: dXSO — L (t7 X7 ¥, P, H)) dXdt

L =T"(p) = ¥*(I1) = Veu(p)  T*(p) = 3p"'P-p

\

@ Corresponding state vector: m* = (¢, X, p, p, II)

@ Hamilton's principle:

A"+ [, Joy T8pdSAt =0 Vom* € M;
M = (dm* € H' (w; X wx); 0t]ow, = 0;0X g0y = 0; ...

5(903 P, H)|8wt — 07 590|8w)D( — O)
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Multi-symplectic formalism for elastodynamics

@ Notations of the 5 corresponding generators (2 horizontal and 3 vertical):

SA* = 222 om* = § A% + 5 A" + 6, A" + 5o A" + o A*
= DA .0t + Dx A*.0X + D, A* .09 + Dp A*.op + D A* 611

@ Calculation of the 3 vertical generators:
0 A" + 0p A* + o A* =
Joos Jore (0P-dio + p.0dsp — XL 2 dxp — TL 2 ddyxp) dXdt
— Ju Sy (550 + %-.0p + 95611 dXdt
= [, foy 0P.dip — dip.0p — OI1 : dyp + dy TLSp) dXdt
t oy Jowy (~TLN).6p dSdt
— o S (9500 + 9£2 5p + 252+ OTT) dXdt
= Lo o (55 - dtp +dy H) S dXdt
+ Loy Sty (—H.N).(Sgp dSdt
+ Jooy Jox (=55 + dip).0p dXdt
Loy S (%2 — dxp) : STTAX At
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Multi-symplectic formalism for elastodynamics

@ Hamilton's principle:

Dy, A* .6 + Dy A*.0p + D A" 0T + [, fo,x T.50dSdt =0

V(3. 6p, 0TI) € M;
@ Euler-Lagrange equations of 3-fields elasto-ynamics: s = (p,p, )
—%f: —dip+dy I =0 in w X wx
—%gk + dyp =0 nw Xwx
—% — dxp = N wy X Wx
—IIN+T =0 onw x ow¥
@ Multi-symplectic formalism:
0-10 001 e
©
1 00|de|p|+]000|ds]|p T
aL*
_O 0 0_ _H_ _—1 0 O_ _H_ AIT

W.d;s + K.dys = 0sL*
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Multi-symplectic formalism for elastodynamics

@ Expressions for the first derivatives of the Lagrangian:

9% — _ b - \

Oy . . .

o _ ot _ p—lp b dtp + dxH =0 n W X Wx

op P —p_lp + dth =0 inw Xwx

oL* __ _oy* — _F

on on F —dyp =0 nw Xwx
@ CEuler-Lagrange equations I — B . . N

of 3-field elastodynamics: . ILN+T — 0 mw X an)

@ Note: we find a simple symplectic form when the Lagrangian does not depend ondyp and 11 :

S = (gp, p) {'A* (t’ X’ P, p) - fwt fwx (p‘dtgo_ﬁ* (ta X7 P, p)) dXd?
Lr=H=T(p)+V(e)

0_1 oL*
a7 =17 Jds=or

10 P 38"‘:

20
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Multi-symplectic variational formalism for non-smooth elastodynamics

Ow?® Ol
@ Definition of the potentially contact edge and gap: WD T
C=(Xeous;gn(X,t) >0) -
gn = (¢ — Xo).(—N) b Ot

Owx = 0w U dw¥ U Ows Wit

—

tr ty]

We— U {tc} th—l— [t t_]
+ i 0y be

> Wi—

@ 7-field action with Lagrange multiplier for non-smooth elastodynamics:

~Y

At te, X, ¢, p, II, \)

= A" (t, X, 0,p, ILX) + A (¢, X, 0, p, ILA) + [0 A(te).gn(te) dS

Rl R | §

with: 1 Junt Joe (P-dep — IL 2 dxip — L7(8, X, 0, p, IT)) dXdt
+ St Jo A(t).gn (t) dSdt

L L = T*(p) — ¥*(II) — Vews(p) T*(p) = 507 'P-P

@ Karush-Kuhn-Tucker complementary conditions over the entire time domain:

AX, 1).gv(X,t) =0 MX,1) >0 gn(X,t) > 0VX € C Vi€ [to, 1]
21
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Multi-symplectic variational formalism for non-smooth elastodynamics

@ Definition of the state vector:

m = (t,t, X, ¢, p, I, \)

@ Hamilton's principle for non-smooth elastodynamics:

SA+ [y Jouy TS0 dSdt =0 Vom € M,
Mo = (5(t,te, X, 0, p, IT) € H'(w; X wx): 111, = 056X o = 03

to,tr

3002, )y, 1 = 0500laup = 0;00 € H2 (wr x C);0M(te) > 0)

\_

@ Definition of the 7 generators (3 horizontal, 4 vertical):

5A = 2 5ii = 6, A + 6 A+ S, A+ Gp A+ oA+ 6, A+ 6,A
— D, A5t + Dx A.0X + D, A8¢ + Dy A.5p + Dy ASTI
4Dy At + DA
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Multi-symplectic variational formalism for non-smooth elastodynamics

@ Definition of state vector (without space):

st = (8t, 6t.,6X = 0,5, 6p, 0TI, )

@ Calculation of the 6 corresponding generators (2 horizontal, 4 vertical):

A+ S, A+ 6 A+ S A + 6, A+ A =

Jus,— o1 Juse (OP-disp + P-0ddyp — OI1 - dxgo —I1 : ddxp) dXdt

— Jo vy S (255000 + 955 6p + 20+ OTT) dXt

+ Jo,—tw,+ Jo (6A.gn + A.6gn) dSdt

B N O (8(§dd;¢) 0.0t + 8(p dt‘P) dtpét) dXdt

— oty S (2o dyip Bt + M : d,TI0t) dXdt

~ oy s S (250t + 2 dyplt + 9= .dipSt + 5 : d,TT6t) dXdt
+ Loy Jo (2529 d,) 5t + 200) dtg 5t) dSdt

oo,y (oo (P-dip =TT : dxgo — L£*) dX + [ X.gn dS) 6(dt)

+ [ OA(te).gn (te) dS + Jo Ate).6gn (L) dS

23
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Multi-symplectic variational formalism for non-smooth elastodynamics

@ Hamiltor's principle: D, A.§t + D, A.8¢ + Dy A.6p + Dy AT
+ Dy, Abte + DAASA + [, Jouy T80 dSdt = 0
Y(3t, 5t., 80, 6p, OTL, 6)) € M,

@ Euler-Lagrange equations of non-smooth elastodynamics:

/—%fp* — dip + dx.II =0 in (w- Uwr) X wx )
_%_€‘+dt¢ =0 if (w- Uwr) X wx
—%‘g — dxp =0 in (wi- Uwer) X wx
II.N — AN on (we- Uwgr) X Ows
II.N =T on (w- Uwp) X 0wy
% + dt(pdth — E*) — dx(HdtQO) =0 1in (wt— U wt+) X WX

tr :
pl,c =0 inwx
[p.-dip — C*]f: =0 inwx
Ate).gn(te) =0 ondw
gN(tc) - on 8w)c(

@KKT conditions J
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Multi-symplectic variational formalism for non-smooth elastodynamics

@ The KKT conditions combined with the two previous contact conditions are written:

AN

(AKX ) .gn(X ) =0 MX 1) >0 gy(X,t) >0VX eC Vit e [to, tf]

)‘(tc)'g.N(tc) =0 on awfc

L gn(te) =0 on Ouw

@ These conditions are strictly equivalent to the Hertz-Signorini-Moreau (HSM) conditions:

f gn(t) =20 , )
if gn(t) >0 then A(t) =0
A(t) >0 ‘
gn(t) =0
. At)gn(t) =0 =
if gn(t) =0 then < A(t) >0
A(tc)'gN(tc) =0 )\(t) g (t) —0
| gn(te) =0 \ - )

25
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Multi-symplectic variational formalism for non-smooth elastodynamics

@ fFrom the first derivatives of the Lagrangian, the Euler-Lagrange equations of non-smooth
elastodynamics are obtained as part of a mixed formulation, to which we associate the HSM

conditions:

(b — d:p + dx.II =0 in (w- Uwer) X wx
—pip 4+ dip =0 if (w- Uws+) X wx
F — dyp =0 in (w- Uwer) X wx
I1.N = AN on (wi- Uwr) x Ows
II.N =T on (w- Uwps) x 0w
di(T*(p) + ¥*(I1)) — dx(IL.dyp) = 0 in (wi- Uwr) X wx
[p]té_r =0 inwx
7% (p)]Lc =0 inwx

\+HSM conditions )

@ Similarly, the expression of the equation for the conservation of configurational forces (mixed
formulation) can be calculated from the horizontal space generator Dx A :

9 + dx.(—.dxp — L*T) + di(p-dxyp) = 0
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Space semi-discretized variational formulation
for non-smooth elastodynamics

Node coordinates:

X

J

@ Mesh of geometry:

Wt— U {tc} th+

N
7~

@ Spatial discretization by the finite element method:
( )

Pt X) = (1, X) = Sui(t).67(X)
p(1.X) = p(1.X) = Spi(1).0/(X)

(1, X) = I (£, X) = Y si(t).07(X)

=1

Ai(t).67(X)

1 J

.

M

Mt, X) ~ M(t,X) = |

\_ (2

@ Partition of unity and compact support: Yot(X) =1 oH(X,) =0y
i=1

27
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Space semi-discretized variational formulation
for non-smooth elastodynamics

@ Space semi-discretized multi-field action for non-smooth elastodynamics:

A (t,t,, U, P, Fip, A)
= Jo vy (PTU—FL, U LM + AT gy ) dt + A(t)" gn(t)
+ KKT conditions

\with " =T""(P) — 9" (F;,) —F!,,.U

ext:

@ Spatial discretization of the different terms:
o LpaipaX = Ly (5p0.000) i  £0,005%) ) ax
> sz( ) (fy oF-08 dX) dyuy(t) = PT.U

1=11=

o fux TT: dpdX = 3 3 si(0). (g 01 ¢ ety dX) (1) = F,, .U

1=1y=

-fwxbsodXﬁZ(fhbcb“( )dX) u;(t) = FL,,. U
o JoA(t)-gn(1)dS ~ z ZA (1)-(Jo 620 dS)gn, (1) = AT g

1= j—

o [uNogydS = [ \d,gndpdS
~ z ZA (Jo ¢r.¢%.(=N) dS)oU; = AT.(~L).6U = AT .5gy

1=1 j_
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Space semi-discretized variational formulation

for non-smooth elastodynam

ics

@ Hamilton's principle semi-discretized in space for non-smooth elastodynamics:

with:

Ve

SA" + [ F:,'.0Udt =0 Vom"e M}

MpP = (6(U,P,Fy) € H (wp x wh); 5t|[
5(U, P, Fmt)|[t0,tf] = O, 5U|3w)1() = 0, OA

| LN(t) > 0,0 € {1,..p})

to,tf]

=0;...
(wt X C),

N =

cH

Jouy T-80dS = 3 (Jyuy T.¢5 dS).0U; = F
1=1

s T §U

ext
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Space semi-discretized variational formulation
for non-smooth elastodynamics

@ Definition of the 6 space-separated generators (2 horizontal and 4 vertical):

SAl = 24" b — 5t,4h + 5tcAh + 6UAh + 5PAh + Op,, Xh + 5A£h

8mh

— DtA Ot + D, AP, ot, + DUAh oU + DPAh 6P + Dp, Ah.éFmt
+DAASA

@ Calculation of the 6 corresponding generators

SA" = [, uo, ((PT.U+PT 50U - 6FL, U~ F,0U) dt

Lo vy, (—(ZE)T.6U — (L2507 5P — (2£°)T 6F,, ) dt
_|_fw o, ATgN+AT(5gN> dt

5
S T (8(1’ U) T Pt + (A2 U>) Uét) dt
—l_fw Uw, + ( 3(1;1;‘intU) T ant5t+ (W) U(St) dt
+fwt_uW+ ( ach T5t (8£h ) Ust — (8Lh )T PsSt — (gﬁfm)T Fmt&) dt
Lo, (225 gN> T Ast+ (ZAENNT 506t) dt

+ Lt (PTU F7,U— L' + AT gy)) 6(dt)

nt*

+OA(t) T gn(te) + At) T .dgn(t.)
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Space semi-discretized variational formulation
for non-smooth elastodynamics

@ Euler-Lagrange equations semi-discretized in space for non-smooth elastodynamics:

/Mh +P+Fiy —F,+L'A in (w- Uwe) X A

91U =0 in (w- Uwp) x W

— a%f; - U =0 in (w- Uwp) x W
0L g (L + FTLU) = (LTA)T U+ F,7 U in (we- Uw) X W

[P]g =0 inwh

PT.U - ﬁh*]g =0 inw!

At .gnl(t.) =0 on duw§

gn(te) =0 on Jwg

k+KKT conditions )
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Space semi-discretized variational formulation
for non-smooth elastodynamics

@ Expressions of the first derivatives of the space-semi-discretized Lagrangian:

och™

ou_ _Feact

och™ _ ar* -1

oP ~— OP _M P

ach* oyt 1e—1 T
aFint o aFint o Ktanngnt

@ Euler-Lagrange equations semi-discretized in space for non-smooth elastodynamics:

;. :
P+ F’L'nt = Fea?t + szt + LTA. in (wt— U wt—l-) X w)}(l'
~-M~'P+U =0 in (W Uwe) x Wl
K;L}LQFW - U =0 in (w- Uwe) x wh

[Pl =0in x w"
LPT. M P = 0in xwh

+HSM conditions

dy(T" (P) + *(Fing)) = (Feat + F5, + LTA)T U in (w;- Uwer) x W

X
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Two families of time integrators in non-smooth elastodynamics:

to te Te tpa tf

e Eventdriven } ] o—1

| | to N Ly
e Time stepping I } i >

wi- U{t FUw+

N
7~

T = tgy1 — tk

e Unlike the continuous-time formulation, and following Moreau's ideas, the instant of
impact does not have to be detected. Indeed, the impact is here taken in the weak
sense. In other words, many impacts can occur during a time step. However, it is not
necessary to detect them precisely. Here, a main difference must be made between
"event-driven" integrators (detection of the event of an impact) and "time-stepping" time
integrators (no detection of the event of an impact in the strong sense). Here, the "time-
stepping" approach will be favored in order to possibly allow an infinity of impact
events in a finite time.(Zeno's paradox). Therefore, the time approximation no longer
contains the instant of impact  as a variable of the action.
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Multi-field action discretized in space and time for nonsmooth elastodynamics:
~ h —1~ ht
( ) Z A (tk—f—l) Uk+17 Pk+1 ) antk-l—b Ak_{_%)

4 )
Nh’r

A (tk+1, Uk.|_1, Pk+%7 Fintk+17 Ak:+1 ))

=P, (0 2By [ U+ Py Uk)

_I(ﬁhT*(Uka Pk+§a Fintk) + Lh (Uk+1, Pk+%> Fintit1))

—I—TAT 1 gNk
+ HSM condltlons
\_ J
with: L' (Uy, Pt Finy) = ThT*(PH%) — UM (Finer) — Flopy - Un
(if INps1 > 0 then Ak+ =0
2
In _, =0
o i €{1,..p}
if g}\,kﬂ then < AZ+% >0
T i _
\ \Ak'-l—%'gNk_i_% —O
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ State vector:

~ hT
m = (tk-i-l) Uk+17 Pk;-|—%7 Fintk+17 Ak+%)

@ Discrete space-time Hamilton's principle:

~ hT N—1 T gy ~ hT
SA + Y F,  T0U =0 Yom € M,
k=0

~or .

M, =(m |g, =0;0U[s0 =0;0A =0)
@ Discrete space-time generators (1 horizontal and 4 vertical):

NhT ~hTt ~ hT ~ h’T ~ hT ~ h’T ~ h'T ~ hT
5A == sfm.ém = 5,5./4 + (5U.A + 5PA + 5FintA + 5_/\./4
~ hT m ~ hT ~ hT

— DtA .5tk+1 ‘|’ DUA .5Uk+1 ‘|‘ DPA 5Pk+%
~ ht ~hTt

+DF A .5Fintk+1 _|_ DAA 5Ak:+%

nt
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Calculation of the 5 corresponding generators (1 horizontal and 4 vertical):

Z ( l'(Uk-l-l - Uk) —|— PZ %.5Uk+1 - PZ+%5U]€

=0
627- (antk Uk + antk+1 Uk—i—l)

-3 (5antk Uk + antk 5Uk + 5antk+1 Uk—l—l + antk+1 5Uk+1)
— 2 (Lh (UkaPk+laFintk) + LM (Uk+1,Pk+17Fmtk+1))
_%( oLht™ (Uk’Pk—l— ) 'mtk)(SUk:‘i_ aﬁhT (Uk7Pk+1)antk)5Pk+1 + ...

ht*
-t gﬁm K (Uka ]':)k:—i—l ) antk)(Santk)

ht*
(atﬁjk 1 (Uk+17 Pk—|—1 ) antk+1)5Uk+1 + ..
ht*
-t Eﬂafl’: (Uk—i—la Pk:+1 antk+1)5Pk+% + ...

2

hT*
-t 3F£ (Uk’-l—l) Pk+%7 Fintk+1)5Fintk+1)

int k+1

—|—57’Ak+l.g]\[ 1 —|_ TéAZ l'gN +7-AZ %5gNk+%)

+7F%, . 0Uk) =0 Vom € M,

+ HSM conditions
36
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Vertical generator associated with linear momentum

~ ht *
DpA = (Upp — Uy) — %(Ukapk+%aFintk) +

T
2
T oLhT”
) 8Pk+ (Uk+17 Pk-|-1 ) antk—l—l) =0
2

Ups1 = Ug + TM_1Pk+%

@ Vertical generator associated with displacement (space-time discretized equation of motion)

~ hT
DyA = —Pk+§ + Pk+1 — TFintr11

aLht* T oLht™
(8Uk+1 (Uk'l'l? Pk+ L Fmtk—i—l) 2 3Uk+1 (Uk-i—la Pk;-|-3 antk+1))
T
+L A'k' 3
_|_

L Ak—|—1 +TF6$tk’—|—1 O

with: 53Nk+% - _L(SUIH%

Pk+% = Pk+% + T(Fextk—H + Fz:ctk;+1 - Fintk+1) + LT(AH% - Ak+%)

37
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Vertical generator associated with internal forces:

Nh/T
oL ht*
DFi"tA = Uk 43 (5F inthk41 (Uk'H’ Pk"’% ’ Fintk—|—1)

+ o gL (Uk+17sz+%7Fintk+1)) =0

8ant k+1

-1
Uk-l—l - KtcmgFintk—l—l =0

@ Horizontal generator associated with time (space-time discretized energy balance):

((ThT*(Pk+g) + %(‘I’hT*(FmtkH) + U (Fintnya))

_(ThT*(Pk—l—%) + %(\Ith*(Fmtk) + \Ith* (Fintk-l—l)))
((FthkJrl Upi1 + Fthk—|—2'U/€+2) - (Fthk'Uk‘ + Fthk—|—1'Uk+1))

. T AT .
(Apya8n, s = Ap18n, )

\. J
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Discretized Euler—Lagrange equations for non-smooth elastodynamics:

Ui = Up + TM P,

Uit1 — KigngFintes1 = 0

Pk+% = Pk+% + T(Femtk+1 + Fthk+1 - Fintk—l-l) + LT(Ak+% - Ak+
|+ HSM conditions

)

1
2

with: gnrr1 = —(Lpt1Uppr — Xo.N)
&N;.. = —LM ™ 'Py,, &V, s = —LM™'P s
Prree =Prii+ T(Feater1 + Foopyr — Fintrn) — LT A,z

@ Solving /LCP type problem ( M and H are diagonal):

(( . . ) . ’
HA, 1= 8N,y BNy H = LM-IL,T | Steklov-Poincaré
' ' operator (Delassus)
if gnppp >0 then Al =0
2
f .
< 9§Vk+% >0 ie{l,..p}
if gijpq <0 then A5 >0
2
AT .4 =0
39 L\ | IV g )




Mécanique théorique, Quiberon, Septembre, 8-13, 2025

Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Explicit algorithm of the LCP problem (explicit CD-Lagrange variational integrator):

1 - calculate Uy with U, = Uy, + TM_1P,€+%

2 - calculate Fy,pp.q with Fipipi 1 (Ugyn)
3 - calculate gy, . and Py with gy, == —LM'Py,.. and Py,... = Pk+% +
T(Featip1 + Foprpr1 — Fintky1) — LTAkJr%

if 9§Vk+1 >0

4 - calculate A, s with A! 5 = ,
ma’x(()) Hizlg}v?ree>

3 k+5

5 - calculate Py s with Py s =P + LT (A 2)

6 - calculate gNk+ , with —LM~'P, L3 (only for post-processing energy bal-
2

ance)
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Multi-symplectic form discretized in space and time for non-smooth elastodynamics:

- o ] j _ )
0-10] | L(Upyy — Uy) 0 01| | Upny
1 00 %(PH%—PH%) +10 00| | dep
000 ) —1 00| |Fintgrr
Fevtrr1 + Foomg %LT(AH% - Ak—i—%)
— M_1Pk,+% —|_ 0
—KiongFinten 0
- - - - - J

nmmmmlp- The proposed explicit variational time integrator preserves the multi-symplectic discretized
form of non-reqular elastodynamics. As a result, the linear and angular momentum
equations are verified exactly, even in the presence of Lagrange multipliers.
Nevertheless, it can be shown that the discretized energy balance is not guaranteed
exactly. However, it can be shown that the corresponding error decays exponentially,
which characterizes the high robustness of variational time integrators over long times. To
ensure an exact discretized energy balance, a non-uniform time step must be considered.
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Multi-field action discretized in space and time for non-smooth elastodynamics with adaptive
time step:

Th+1 = L1 — Tk

@ Multi-field action discretized in space and time for non-smooth elastodynamics:

( ~h N—1~ht A
A (t) ~ kZOA (Tk+1,Uk+1»Pk+%7Fmtk+1’Ak+%)
NhT

A (Tk—l-h Uk+1) Pk;-|-% ) Fintk+17 Ak+% ))
_1 T (Uet1-Ugx) _ 1 T T
= 3(T + Tk+1)Pk+%- — 5(ThFineg - Uk + T 1 Finggy 1 Urr)

—%(TkﬁhT* (Ug, Pk—}—% Fanr) + Te1 £ (Upy Pk+%  Fintri1))

1 T
+2(7—k‘ + Tk+1)Ak+%-gNk+%

_+ HSM conditions

with: - LM (U, Pr1, Fir) = ThT*(PkJr%) — U (Fingy) — FL, Uk
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ State vector and corresponding Euler-Lagrange equations:

(Tk+27 gN, 3 Uk—|—27 Pk;_|_§ ) Fintk—|—27 Ak+§)
k+5 2 2

/Uk_|_1 = Uk -+ Tk+1M_1Pk+%

1
Ukt1 — KigngFinter1 =0

1 Thg1 +Tk42 1 T+ TR41 s ]
—Pk-l—?’ Pk—i—% + Tk+1 (Femtk-l—l + Femtk—f—l o antk+1)

2 ’Tk+2 b} T 2 Tk-_|_1
1 Te41 742 1Tt Ty T
2 T2 Ak+% 2 Tt L A"”%

+ HSM conditions
Thio = (%Pg+%-(Uk+2 — Upt1))

(=572 Py, 1-(Uk — Up) + Fintri1-Urs

2
27‘k+1

‘i‘%(ThT*(Pk%) + ThT*(PkJr%)) — UM (Fintir1)

T 1 T : T : —1
(“Ferer Unn + 5(AL 3 8n, g + AL 8, ) y
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Explicit variational integrator with adaptive time step:

0 - time step predictor Tpio = Tgi1

. . . 1 The41+Tr42 _
1 - calculate gn,,,, and Py with gy, .. = —LM"™ p free and 5 +Tk+2 2P free =
1 TetTrt1 s ) 1A T T

5 That Pk-i—% + 7_I<:—|—1(Femtk—l—l + Fea:tk+1 - antk+1) 2 Thi1 L Ak+§

if 9§Vk+1 >0

mam(07 Hizlg.N?]:‘ree)

2 - calculate A, 3 with AZ
+2

3 - calculate Py s with Py s = Ppree + LT (A 3)

4 - calculate gy, , with -LM'P,, s (for time step update)

2

5 - calculate Uy o with Upyg = Upyq + Tk+2M_1Pk+%
6 - calculate Finppqo with Fipp i o(Ugio)

7 - update time step 742 with equation (116) and go to step 1 if 740 # Tri1
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Multi-symplectic form discretized in space and time for non-smooth elastodynamics with
adaptive time step:

- — . n — )
0-10 ——(Upyo — Upp) 0 01] | Uppo
17 +7 1 7T+T,
10 0f |p2esdiep, o J0inap, 40 00] | dyp
000 diF i ~1 00| |Fiupro
I S s ] I T +7 ] - Te+T . 1
Fe:ctk-|-2 + Fewtk—}—Q % k+;k+2k+2 LTAk—!—% - % ka+k1+1 LTAk—l—%
=| M P, | 0
_K;I,}”I,gFintk—}—Q 0
~— e o,

nmmmmpp- The proposed explicit variational time integrator checks the following properties:

- Explicit integrator of the "time stepping” type

- Non-smooth space-time convergence in the Hausdorff sense

- multi-symplectic discretized form (conservation of linear and angular momentum)
- Discrete energy conservation

- automatic adaptive time step (with CFL condition checking)

- Matrix free (explicit LCP) for deformable/rigid type contacts

- Great robustness over long times with a very large number of impacts
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@ The bouncing ball example: rigid / rigid analytical solution

Z

e First rebound: o = 2g—h z| i

1—e" ¢
e Nth rebound: th =15 (2 — 1)

l—e

1
e Downtime of the mass: T — to ] (€ 0
—e ]

1.2

—— CD-Lagrange —— CD-Lagrange
1 - - -Exact 3t - = =Exact i
o
2l
£
=4
2}
BF XL
4t
-0.2 -5 i
1 2 3 4 5 0 1 2 3 4 5

t(s) t(s)

sy The mass does an infinity of rebounds before it stops in a finite time (Zeno

a6 Phenomenon) (restitution coefficient e=0.8)
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@ Contact /impact of two identical elastic bars : deformable / deformable analytical

solution
6 ;
: ——At=28.10""s,h = 5.210"3m|
Yo Yo " — At =4.10""s,h = 2.610m)|
| | | | —— At =28.10"8s,h = 5.210"*m
L d ' d L
E=2110" Pa g
p = T847 kg/m? > -2f
L=0.254m
4l
d=0.210"3m
vo="5m/s 6l
A =0.645 1073 m?
" ;
0 1 2
t(s) x107*
107" 10°
:g 1072} <> 107
3 3
S 2
qf-lo"’ ............................... R EPTEIE TP PP Ebee @‘10-2_ ; :
: —o—CD-Lagx:ang(.e. —+— CD-Lagrange
—oe— Moreau-implicit —e— Moreau-implicit
——0(At) —O(At)
> ‘ oat?) —o(ath
107L - : ] i : :
10° 107 10° 107° 107 107 10° 107°
At (log scale) At (log scale)

nmsmmpp- Space-time global error indicator (Hausdorff measure) [Acary 2012]
nessmmpp Moreau implicit of order »;, CD-Lagrange of order 1 [Fekak 2017]
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@ Contact /impact of two identical elastic bars : deformable / deformable analytical

solution
Contact force Contact acceleration
oX 10° X 10"
> 0 1 WMM
1t i |
|
-4 -2 R
L fnindl
z X
& £
-8 S gl
-10}-- -6
2 T —At = 0-8Atcrit1‘cal - M [— At = O-SAtcritical |
- = =-At= 0-25Atcritical -8 |- --At= 0-25Atcritical 1
o At = 0.05Atcﬂ'ﬁcal oAt = 0-05Atc1'itical
4 1 2 0 1 2
t(s) x107™ t(s) x10™
Impact impulse
0 ;- . . o
PO S R W v .5 ol | At impact time, acceleration and contact
onl R forces do not converge, however impulse
008 converges.
Z ool ]
§ o0l ______________________
~ 006 -
ootk R .
ool TR .
~0.09 32 34 36 38 4 452 44 46 48 5
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18
16 ‘ - -
14
12 |-
_10F
D .
= gl Eyy
%0 AW
=i Es
= gL ys
4 -
2 =
0 i & i
_2 | 1 1
0 1 2 %
Times (s) SR

Figure: The impacting bar: energy balance of CD-Lagrange
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1615

————— CD-Lagrange

(8 S

L6a 08

Energy (J)
'_\
(o))
I

158 > (o)

S

L8 =85 . : :
0
Times (s) %104

Figure: The impacting bar: system energy of CD-Lagrange
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@ Discretized energy balance with singular mass / adaptive time step

15.94r
— — — By - dt =0.9dt e
_———-— Esys - dt = dtRelease
15.92}
- O Mass Q T _
‘/// nodm;\\\‘ 15.9F \
J \
5 O
E, p.S .15.88F \
5 \
& ) i \
l% 15.86} \
Massless \
contact
Q node 9 SEE \
: \
: S
LR ST B T
777 777 777
Figure: Consistent and singular spatial -7 oS 1 = o
discretization e o

51

Figure: Contact node - AEx = AWy, + AWy, for different trelease
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The rotating spring: a focus on discrete angular momentum

mdk+k(1——0)x:dm (12)

A mass-spring system in rotation:
m @ impact with a restitution coefficient e.;

@ large rotations;

e, What are the highlighted properties ?
‘; @ conservation of discrete momentum in
e Xk smooth phase;
Figure: The rotating spring @ conservation of discrete momentum through

non-smooth events.

A case which challenges the symplecticity under non-smooth events.

The Moreau-Jean scheme? as a reference (time-integration with 6 = 1/2).

2 Jean, M. The non-smooth contact dynamics method. Computer Methods in Applied
Mechanics and Engineering 177, 235-257 (1999).
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m)

Position - y (

53

11958
— - 3¢ - — CD-Lagrange
————>¢——— Moreau-Jean
l L.
0«3
O =
-0.%
A1
-1.5% | |
-2 2 3

Position - z (m)

Figure: The rotating spring: position (over 10s) - e. =1
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————— CD-Lagrange
Moreau-Jean

1.65F
ity

s

-

€ 1.55F

(@)

=

g

2

5 1.5F

g

(@]

g

|

= 1.45F

a0

a

<
1.4F
1.35 '

0 5

Figure: The

54

10 15 20 %35 30
Time (s)

rotating spring: angular momentum - e. =1
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— - 3¢ - — CD-Lagrange
~————>¢—— Moreau-Jean
Contact boundary

Position - y (m)

Position - z (m)

Figure: The rotating spring: position (over 10s) - ec =1



56

Mécanique théorique, Quiberon, Septembre, 8-13, 2

————— CD-Lagrange
Moreau-Jean

Angular momentum (kg.m?/s)
l_l
ul
1

1.35 ' ' ! '

0 20 40 60 80
Time (s)

Figure: The rotating spring: angular momentum - e. = 1

100
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The unmolding tyre process

P. Larousse, J. Di Stasio, D. Dureisseix, A. Gravouil

NS MICHELIN ‘
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RCCM model: interface model with contact, friction, adhesion and damage

(0%

. 3D rheology model of the RCCM model

B Normal contact benhaviour

{ if gn+1 > 0, then Te,Nn+3/2 = 0
else  gnr1=0,and 0 <r. N, 3/2 L Ve npy32 >0

m Tangential contact behaviour

if gn+1 > 0,thenr. 7, 3,5 =0
else gn+1 = 0, and
0 < (pre,Nn+3/2— Tern+3/2) L |IVermts/all =0
m Damaging elastic interface behaviour
if [ulpt1 > ansr and a1 < up, then
Q3 =< fn+% ~+

else Gy 3 =0

f(uD) = /[uly + Alul;

NSO mMICHELIN
58 ) ——
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RCCM model: interface model with contact, friction, adhesion and damage

m New mechanical equation including damage

M(Vn—|—3/2 - Vn—|—1/2) - h(EﬁXt,ﬂ—f—l - Fint,n#%j)
+LNRC,N,n+3/2 + LTRC,T,n—|—3/2
+h Fypni3)2

m Damage associated force
Finizz =S (LyRinmt1 +LIRe 7 nt1)
m Elastic damage distribution

{ Rinnt1 = gn(omsr)bn[ul,
Rirn+1 = gr(ansr)brul,

m S is a diagonal matrix of nodal weights

6e+11

— Stiffness
S5e+11 1

©_ 4o+t |

N/m

=

3e+11 |

ffness

2e+11

St

le+11

ot

0 00001 00002 0.0(605@ 0.0004 0.0005 0.0006
o(m >
%)ﬁ\ MIC”ELIN
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A new RCCM model: interface model with contact, friction, adhesion
and damage with delay effect

without delay effect

if f([u)=canda <u,, d=</f>,
else a=0

with delay effect

2

if f([u]) =aand a < u,,
G ="y [l—exp (—% <f >+)]
else a=0

/N

\

NS MICHELIN ‘
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A dynamic tensile test on a cube with RCCM interface

b
o

o o o
N w SN

Displacement (m)

o
e

0

0 0.005 0.01 0.015 0.02 0.025 0.03
Time (s)

» Prescribed displacement Prescribed displacement evolution on the cube top
face.

NS MICHELIN ‘
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A dynamic tensile test on a cube with RCCM interface

m Comparison of the damage evolution

0.0005 - - - ‘ - 0.0005
0.0004 1 0.0004
00003 ===/t ffagremm =
E
3
0.0002 1
0.0001 ¢
-.u __u
0 ! : L L r 0 \ r
0 0.005 0.01 0.015 0.02 0.025 0.03 0 0.005 0.01 0.015 0.02 0.025 0.03
Time (S) Time (S)

Damage variable evolution for each node without delayed effect (left) and with delayed effect (right).

1.4

—% of elastic damage surface
1.2 —% of non elastic damage surface
|= =% of broken interface

1

o
(o]

Percentage
o
(o]

°©
~

02|

3 -

0 0.005 0.01 0.015 0.02 0.025 0.03

Time (s) NS MICHELIN ‘

Percentage of surface states.
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Industrial application: the “water drop” mold shape

normalk Magnitude

————p» Prescribed velocity

50

Velocity (m/s)
S 8 &

—_
o

o

0 0.005 0.01 0.015 0.02
Time (s)

NS MICHELIN ‘
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Industrial application: the "water drop” mold shape

0 0.005 0.01 0.015 0.02
Time (s)

' 45601 7.1e:01
065

04 g I 3

£ 06 £

0.35 ) 2

= [R5 =

3 3

l 03 l 0.5
2.7e-01 4.6e-01

NG MICHELIN ‘



